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The phonon spectra of solids, described through the measurable vibrational density of states
(VDOS), provide a wealth of information about the underlying atomic structure and bonding, and
they determine fundamental macroscopic properties such as specific heat, thermal conductivity and
superconductivity. In amorphous solids, structural disorder generates a number of poorly under-
stood phenomena that are absent in crystals. Starting from an effective field theory description
which accounts for disorder in terms of momentum diffusion, we provide a unified theoretical de-
scription of the VDOS of amorphous materials. The theory provides an excellent description of the
simulated/experimental VDOS of two quite different materials (silica glass and amorphous Si) with
very few non-trivial fitting parameters. In particular, the phonons speeds and diffusive linewidths
obtained from the fits are fully consistent with the tabulated values from experiments. This semi-
analytical approach solves the long-standing problem of describing and explaining the features of
the VDOS and Raman spectra of amorphous solids in relation with the underlying acoustic disper-
sion relations and acoustic attenuation. Furthermore, it can be used in a reverse-engineered way
to estimate phonon dispersion relations, acoustic attenuation and dynamic structure factors from a
simple fitting of the VDOS with the presented model.
The phonon spectra of solids are described through the
vibrational density of states (VDOS), which serves as the
cornerstone for the modeling of the thermal properties of
solids, such as the specific heat, the thermal conductiv-
ity and also for the determination of the electron-phonon
behaviour, superconducting critical temperature, etc. In
crystals, the VDOS g(ω) can be calculated in a precise
and straightforward manner provided that the following
information is available: (i) the dispersion relations of the
phonons, (ii) the pseudo-Brillouin zone (BZ) structure in
reciprocal space. With this information at hand, the Van
Hove singularities in the VDOS can be located, branch
by branch, in a straightforward way and the whole spec-
trum can be reconstructed [1]. The low-frequency part of
the spectrum is dominated by the Debye law ∼ ω2, which
describes the VDOS of acoustic phonons arising from the
breaking of translation symmetry [2] and following a lin-
ear dispersion relation ω = v k.
In amorphous materials, such as glasses, phonons be-
have like extended plane waves (ballistic phonons or
propagons) only on very large length scales or very low
frequencies, at which their density of states is still de-
scribed by Debye’s law. Scattering, induced by the dis-
order, leads to the appearance of quasi-localized exci-
tations (diffusons) with a (harmonic) diffusive-like be-
haviour controlled by elastic scattering. The diffusons
dominate the VDOS starting from a length scale at which
the excitation wavelength becomes comparable with the
mean free path, the so-called Ioffe-Regel crossover. It
has been shown, by Allen and Feldman [3, 4], that dif-
fusons provide an effective, and very successful, way to
describe disorder-induced features of heat transfer and
thermal conductivity in amorphous solids, in good agree-
ment with the famous experimental observations [5].
The Ioffe-Regel crossover coincides, in glasses, with
a peak in the normalized VDOS g(ω)/ω2 referred to
as the boson peak (BP) [6–8], whose temperature
(in)dependence clearly indicates that is governed by har-
monic disorder. Theories based on spatial heterogene-
ity of the shear elastic constant [9] have been able to
successfully describe the boson peak and the associated
crossover in sound attenuation from Γ ∼ ω4 (Rayleigh)
to Γ ∼ ω2 at the boson peak, which has been observed
experimentally [10]. While diffusons occupy most part
of the central range of excitations in the VDOS, at the
highest frequencies approaching the Debye frequency, the
excitations become fully (Anderson) localized (locons).
Furthermore, the BZ structure in glasses is less well
defined due to the disorder. One should, in fact, refer
to pseudo-BZs, which result in shifted and substantially
smoothed van Hove peaks [11]. In spite of much progress
in understanding these features (boson peak, smoothed
VH peaks, etc), no unified theoretical framework is cur-
rently able to describe the VDOS of real amorphous ma-
terials over the entire spectrum. Here, we develop a uni-
fied theory at the level of effective field theory which for
the first time is able to provide a description of the VDOS
of real amorphous materials and provide a number of
new insights into the physics of vibrational excitations in
glasses.
Recent numerical progress [12, 13] has highlighted that
the linewidth Γ (extracted from the dynamic structure
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2factor S(k, ω)) of monoatomic glasses at low T goes
quadratically with the wave-vector, Γ ∼ k2, over a broad
range of k across the BP. This dependence unveils the
diffusive-like nature of the vibrational degrees of freedom
in the diffusons regime, with a temperature-independent
diffusion coefficient which depends on the strength of har-
monic disorder.
We therefore start from an equation of motion for the
elastic displacement field u in an isotropic solid (i.e. such
that longitudinal and transverse components can be de-
coupled) which, besides the standard elastodynamic part
coming from linear elasticity theory, contains a term
describing momentum diffusion. In this way, the time
evolution of the displacement field can cover both the
ballistic (propagon) and the diffusive (diffuson) regimes,
with the latter becoming comparatively more prominent
upon increasing k, close to the Ioffe-Regel crossover. The
full dynamics is then described by the simple differential
equation:
ρ
∂2uλ
∂t2
= ρ v2λ 4 uλ +Dλ
∂ 4 uλ
∂t
, (1)
where vλ and Dλ are respectively the speed of propaga-
tion and the diffusion constant of the λ branch. Here
the subscript λ refers to either longitudinal λ = L or
transverse λ = T displacement field. Upon Fourier trans-
forming the displacement field u, one readily obtains the
associated Green function,
Gλ(ω, k) =
1
ω2 − Ω2λ(k) + i ω Γλ(k)
(2)
where the propagating term is naturally given by Ω2λ =
v2λ k
2 . The diffusive damping due to harmonic disorder-
induced scattering, following from Eq.(1), is given by
Γλ(k) = Dλ k
2. This diffusive form of the damping
is justified by several simulation studies [12–15] over a
broad range of k. The diffusons are also possibly related
to the random-matrix structure of the eigenvalue spec-
trum of the dynamical (Hessian) matrix, as suggested in
Refs. [16, 17].
In order to be able to capture the behaviour upon ap-
proaching the pseudo-BZ boundary, we add an additional
higher order term in the acoustic dispersion relations [18]:
Ω2λ = v
2
λ k
2 − Aλ k4 (3)
such that the BZ boundary, and the corresponding Van-
Hove (VH) singularity, are located at kV H,λ ≡ vλ/
√
2Aλ
(see inset in fig.1). This expression can also be obtained
from a nonlinear elastodynamic equation of the Boussi-
nesq type [18]. In the present context, the quartic term in
k is needed in order to provide an accurate modelling of
the flattening of the dispersion relations upon approach-
ing the pseudo-BZ boundary.
FIG. 1. Calculated VDOS using the theoretical model de-
scribed in the text with typical values of parameters for
amorphous materials. We set vT = 0.5, vL = 0.7, AT,L =
0.007, DT,L = 0.012, kD = 5.95. Inset: acoustic disper-
sion relations used for the calculation of the VDOS. We set
vT = 0.5, vL = 0.85, AT,L = 0.007.
With this important improvement, we arrive at the
following final form of the Green functions:
Gλ(ω, k) =
1
ω2 − v2λ k2 + Aλ k4 + i ω Dλ k2
. (4)
This Green’s function takes into account the following
physical aspects: (i) propagative (acoustic) phonons; (ii)
diffusive-like propagation at larger k due to harmonic
disorder through the imaginary term; (iii) the pseudo-
BZ boundaries for the various branches through the Aλ
coefficients.
In a comparison with experimental/simulation data,
the coefficients Dλ are the only non-trivial fitting pa-
rameters, since the values of vλ and Aλ need to qualita-
tively comply with the trend of the dispersion relations
for glasses [19].
In Fig.1 the schematic dispersion relations computed
using Eq.(3) with typical parameters for amorphous ma-
terials are shown. The flattening at the pseudo-BZ
boundary (where the group velocity dω/dk = 0) is repro-
duced thanks to the quartic term. In amorphous solids,
typically the transverse dispersion relation is lower and
reaches the plateau much earlier than the longitudinal
one [19], which implies a different position of the VH
peak for L and T phonons.
The above Green’s function can be used to evaluate
the VDOS according to the formula
g(ω) = − 2ω
pik3D
∫ kD
0
Im [ 2GT (ω, k) +GL(ω, k)] k
2dk
(5)
See the Supplementary Info of Ref. [20] for a derivation
of this formula.
Using typical values that qualitatively reproduce the
acoustic dispersion curves in amorphous solids [19], the
3FIG. 2. Effect of increasing the transverse (disorder-induced,
harmonic) diffusive damping coefficient DT on the boson peak
and on the lowest VH peak. Inset: dependence of the boson
peak frequency on the transverse diffusive coefficient DT . We
set vT = 0.5, vL = 0.7, AT,L = 0.007, DL = 0.012, kD = 5.95
and we dial DT ∈ [0.003, 0.013].
VDOS spectrum is obtained as plotted in Fig.1, normal-
ized by the Debye ∼ ω2 law. It is clearly seen that a
boson peak arises, similarly to what predicted in [20],
at the crossover from propagons to diffusons, in the low-
frequency part of the spectrum. At higher frequencies
the two VH peaks, for transverse (ωV H,T ) and longitu-
dinal (ωV H,L) phonons, are observed as a result of the
flattening of the dispersion relations in (3) induced by
the new parameter AT,L. In amorphous materials with
strong structural disorder optical modes are not generally
observed [13]. Given the hierarchy of propagation speeds
vL  vT , the features at low frequency, and especially
the BP, are totally dominated by the transverse branch
of modes as confirmed in Fig.(1). As a consequence, we
consider a simplified version of the above model, where
we neglect the longitudinal modes, since they provide
only subleading effects at low frequencies. This allows us
to better analyze the effect of the mode diffusivity DT
on the boson peak and on the (transverse) VH peak.
The calculation in Fig.2 clearly shows that increasing
the diffusivity DT – a measure of the structural disor-
der in the material – causes a broadening of both the
boson peak and the VH peak. This effect is physically
meaningful since disorder is known to cause a broaden-
ing of the VH peaks [11] and also to cause the predicted
shift of the boson peak towards lower frequency (ulti-
mately the boson peak approaches ω = 0 at ”epitome of
disorder”, i.e. in marginally stable jammed packings at
the verge of rigidity [21]). In the dependence of the bo-
son peak frequency upon D we note also an interesting
non-monotonicity as shown in the inset of Fig.2. It is im-
portant to note that without the diffusive damping DT
the boson peak does not arise, and instead a Debye ∼ ω2
trend would be observed up to the first VH singularity.
In Fig.3 (top panel) the effect of increasing the speed of
sound, hence the elastic modulus, is shown. The theory
recovers the well known fact that an increase in the shear
modulus shifts the boson peak to higher frequency, as
seen e.g. in previous simulations work [14, 21, 22]. In
the bottom panel of Fig.3 the dependence of the boson
peak frequency ωBP upon the transverse speed of sound
is shown. A linear dependence clearly emerges from the
data, which, since vT ∼
√
G, implies that ωBP ∼
√
G.
This result has been recently observed in MD simulations
of polymer glasses [23].
Finally, in Fig.4 we present the comparison between
the theory and the simulations and experimental data of
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FIG. 3. Top: Effect of increasing the (transverse) speed of
sound vT =
√
G/ρ, where G is the shear modulus and ρ is the
density, on the VDOS (using the simplified model with only
transverse modes). We set vL = 0.7, AT,L = 0.007, DT,L =
0.012, kD = 5.95 and we dial vT ∈ [0.4988, 0.506]. Bottom:
the linear dependence of the boson peak frequency ωBP on
the speed of sound predicted by our theory. A linear depen-
dence implies a square-root dependence of ωBP on the shear
modulus G.
4FIG. 4. Top: Comparison between the VDOS spectrum cal-
culated using our theory and the one obtained from inelastic
neutron scattering [24] (see legend). The ratio between the
longitudinal and transverse speeds is taken as vL/vT ≈ 1.7,
compatible with the experimental values for the bulk and
shear moduli in amorphous silicon. The concrete values of
the parameters are vT = 0.31, vL = 0.527, kD = 5.95, DT =
0.017, DL = 0.01, AT = 0.006, AL = 0.007. Bottom: Com-
parison between the VDOS spectrum calculated using our
theory, with vL/vT ≈ 1.8, and experimental data for am-
bient silica glass from Ref. [25] (see legend). In this plot only
the lower 20% of the spectrum is shown. The concrete values
of the parameters are vT = 0.4, vL = 0.72, kD = 3.3, DT =
0.133, DL = 0.03, AT = 0.009, AL = 0.007.
real amorphous materials1. In the top panel we show the
comparison between our predicted spectrum for amor-
phous Si and the experimental [24] and simulation [4]
results from the literature. The only non-trivial fitting
parameter in the model is the diffusion coefficient of the
modes (DL,T ), whereas the other parameters are con-
strained to reproduce plausible shapes of the acoustic
dispersion relations [13, 19]. The theoretical description
provides an excellent fit to the entire spectrum, includ-
ing the two smeared VH peaks, the low-frequency one
1 Notice that the spectra in fig.4 are not normalized by the Debye
contribution ∼ ω2. As a consequence, the BP is not apparent;
the visible peaks are the VH peaks.
being due to transverse modes, and the upper one due
instead to the longitudinal mode. The latter contribu-
tion, in a more detailed description, would result from
hybridization of the longitudinal mode (which lies higher
in energy) with a transverse optical (TO) mode, which is
not reproduced here in order to keep the model as simple
as possible.
In the bottom panel of Fig.4, we present the compar-
ison between the model predictions and the experimen-
tally measured VDOS of silica glass under ambient condi-
tions from [25]. Also in this case, the agreement between
theoretical model and experimental data is excellent, and
the model is able to reproduce not only the low-frequency
part of the spectrum (where the boson peak shows up
upon normalizing by the Debye law). Importantly, the
theoretical model is able to describe the central part of
the spectrum which is entirely dominated by diffusons.
In particular, the spectrum of silica appears signif-
icantly ”flatter” in comparison with the spectrum of
amorphous Si. This is reflected in a larger value of DT
for silica glass obtained from the theoretical fit, which
signals a stronger extent of disorder in silica compared
to amorphous Si. In this respect, it is interesting to
check the ratio of the values for DT that we have set
in ΓT = DT k
2 for the two systems in the fitting, in
comparison with independent estimates of the same ra-
tio from simulations and experiments in the literature.
Taking Da−SiT from simulations of amorphous Si [13] and
DsilicaT from acoustic attenuation experiments on silica,
focusing on the ∼ k2 regime [10, 26], we obtain the mea-
sured value DsilicaT /D
a−Si
T = 6.2, while our theoretical fit
gives a value DsilicaT /D
a−Si
T = 7.4, which is a very close
value (within error bars of the measured values), and
demonstrates the consistency of our theoretical model
with the available measurements, and robustness of its
predictions.
In summary, we presented a unified theoretical de-
scription of the VDOS of amorphous materials in semi-
analytical form based on an effective-field theory (EFT)
approach to vibrational excitations in solids. Starting
from a field-dynamic equation which describes both prop-
agative (propagons) transport as well as diffusive scat-
tering (diffusons), Eq.(1), a Green’s function can be de-
rived with acoustic poles as well as a diffusive linewidth
due to harmonic (T -independent) disorder-induced scat-
tering. This effective description is able to capture all
the main features of the VDOS of amorphous materi-
als, including the boson peak (resulting from a Ioffe-
Regel crossover between propagons and diffusons), and
the smeared van Hove (VH) peaks, which dominate the
upper part of the spectrum. The theoretical model can
be used to produce successful fittings of simulated and
experimental VDOS spectra of real materials with dif-
ferent chemistry and structure, as demonstrated here on
the example of amorphous Si and silica glass. In the fu-
ture, the model can be employed in a reverse-engineered
5way to extract dispersion relations of phonons and dif-
fusons, and acoustic attenuation, from measured VDOS
(e.g. Raman [27–29]) spectra. This semi-analytic ap-
proach opens up new opportunities for the theoretical
modelling of thermal properties of solids (thermal con-
ductivity, specific heat) and electron-phonon behaviour.
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